INTRODUCTION
In this work, we consider the vibrations of three-dimensional elastic bodies which are thin in one direction, say that of the JC 3 -axis. These bodies are assumed to be homogeneous but may not be isotropic. Let e > 0 dénote the thickness of the body in that direction. We are interested in small values of e. The boundary of the body is divided into three disjoint pièces: the latéral part and the top-bottom surfaces. The mathematical model is an initial boundary value problem with mixed boundary conditions corresponding to the system of linear elasticity; we impose Dirichlet condition on the latéral part of the boundary while Neumann condition is taken on the top-bottom surfaces.
We consider the exact controllabûity of the vibrations of the system descnbed above by acting on the boundary of the body. More precisely, we look for suitable controls acting through the boundary conditions mentioned above and a finite time T such that these vibrations are killed at time T. In this work, we study the following two aspects: existence of exact controls and time of controllabûity for each e > 0 and behaviour of controls as e -» 0.
The problem of exact controllability for distnbuted Systems has been studied extensively by Lions [1988a] , [1988b] m a very gênerai set-up The procedure mtroduced by J L Lions to attack the problem is the so called Hilbert Uniqueness Method (HUM) combined with the method of multipliers Our plan m this paper is to follow HUM but of course with certain modifications adopted by us m our earlier work See Samt Jean Paulin & Vannmathan [1994] where the vibrations are modelled by the usual wave équation and not by the System of lmear elasticity The model considered hère is more realistic and more complicated because it is a System in which there is interaction between various components These complications demand further modification m the HUM There is a vast literature on the movement of thin elastic bodies under the action of given volurruc and surface force fields See Ciarlet & Destuynder [1979] The typical resuit one gets is the followmg when e -» 0, the displacement vector which represents the solution of the three-dimensional problem is descnbed by a set of two-dimensional problems called plate problem The correspondmg resuit for the vibrating bodies have been obtained by Raoult [1980] , [1988] and Ciarlet & Kesavan [1981] Some of these results are beautifully presented in the book by Ciarlet [1990] It is now time to comment on the nature of the results obtained here and the techniques followed As mentioned above, we follow the gênerai hnes of HUM However there are modifications Our domain is not smooth neither convex and we have mixed boundary conditions In such circumstances, it is known that HUM has to be combined with the regulanty results of Gnsvard [1989] and Nicaise [1992] (see Samt Jean Paulin & Vannmathan [1994] ) Actually in the above cited work of Nicaise, the regulanty result is proved only for isotropic medium One of the aims of our work is to show that the HUM solves the exact controllability problem and lts asymptotic behaviour can be analyzed even in the non-isotropic case as long as the above mentioned regulanty result is valid Smce we are mterested in the asymptotic behaviour of the exact controls as e -> 0, we need to establish various bounds independent of e on the solution To this end, we choose the multipliers which are more suitable to thin bodies Next, with a view to obtain a two-dimensional problem at the limit, we choose suitable multipliers to obtain the so-called inverse inequality With all these préparations, we will be able to prove the existence of exact controls thereby slightly generalizmg the results of Lions [1988a] from the isotropic case to the gênerai case Our approach also gives the estimâtes on the controls which are used in analyzmg their behaviour as e -» 0 First of all, it is established that the minimal time T e of exact controllability is bounded above independent of e We fix one time T (independent of e) at which we have exact controllability and work with it subsequently Since the problem is lmear, weak convergence is enough to pass to the limit To identify the limit, suitable test functions akin to thin bodies are needed To Our results show that the controls on the top-bottom surfaces of the body tend to zero in a suitable topology. The third component of the latéral control also besomes zero at the limit. The behaviour of the first two components is described in terms of a problem of exact controUability in two dimensions associated with the vibrations of a plate. We remark that this two-dimensional problem has also a control in the entire interior of the domain and its présence is due to the boundary controls on the top-bottom surfaces in the original three-dimensional problem.
The article is organized as follows: we introducé the notations and pose the problem in the next section. Following HUM, we consider the associated forward problem with homogeneous boundary condition in § 3. Several estimâtes in the form of energy inequality, direct and inverse inequalities on this problem are derived. The exact controllability problem is then solved with the introduction of the backward Cauchy problem with non-homogeneous boundary conditions and the operator A e . This is done in § 4. The existence resuit is proved in Theorem 4.2. The behaviour of its solution as e -» 0 is analyzed in § 5 which is divided into several paragraphs. Each one of them is devoted to the study of the asymptotic behaviour of various problems introduced in the previous sections. The final resuit is stated in Theorem 5.12. An expanded version giving all the details of proof of the results found here are given in the unpublished preprint Saint Jean Paulin & Vanninathan [1995] .
When this article was in préparation, the preprint of the work of Figueiredo & Zuazua [1994] was brought to our attention. There are lot of similarities between these works. Both deal with the asymptotic behaviour of the controls when there is réduction in the dimension. The latéral control in their paper acts on the entire part F Q whereas in our work it acts only on the subset y(z°). Further the class of solutions which are shown to be exactly controllable is larger in our case. This is because the space F e is smaller than the space of initial conditions with finite energy. The results formulated in their work are valid only in the isotropic case whereas we have worked with non-isotropic medium assuming the validity of the regularity results described in Theorem 3.1. The inverse inequality established in § 3 shows that the minimal time of exact controUability in three-dimensions in 0(1) as e -» 0 whereas it is proved to be 0(e) in Figueiredo & Zuazua [1994] .
Summation convention with respect to repeated indices is used throughout unless stated otherwise. Following the Standard practice in the analysis of thin bodies, Latin indices i,j,k etc. take values in {1,2,3} and Greek indices a, ƒ?, y etc. take values in {1,2}. We invariably use, in the sequel, the subindices for the various components of vectors, tensors etc, and superindices for the parameters on which they depend.
NOTATIONS AND PROBLEM TO BE STUDIED
The thin three-dimensional elastic body whose vibrations interest us is constructed as follows: let oe be a bounded connected open set in the plane whose smooth boundary is denoted as y. It is not assumed that oe is convex. Given the thickness parameter e > 0, we let (2.1) C = Û>X ]- §, §[, r o = y We see that Q e is the three-dimensional body whose boundary F e has been partitioned into three pièces F^ (latéral part), F e + (top part) and F e _ (bottom part):
As mentioned in the introduction, we take control on a part of the latéral boundary F^ apart from the entire top-bottom boundaries F e + . The required part of Fl is defined as follows. Let x° be a point with x° = 0. We define
where v(x) is the unit exterior normal to F e . We next set (2.3) y.
The homogeneous elastic medium is represented by real constants ( a ijk2 ) with the following properties:
for all real symmetrie matrices (£ ). Here c 0 is a positive number. We also have
In the case of isotropic medium, we have where / L and j U are positive numbers called Lamé constants. Generally, c stands for a constant that is independent of e.
FORWARD PROBLEM, ENERGY INEQUALITY, DIRECT INEQUALITY AND INVERSE INEQUALITY
The first step in HUM is to eonsider the homogeneous problem associated with (2.11) , that is, we take the boundary controls to be zero. e , (f y ) and (â t ). We will solve the above problem using the following Sobolev spaces:
\ô,Mr) rip -\y/ ^ ti \h£ ) y y/ = U On l o j, V -\rlp ) , H -\Lt \%l ) ) .
The energy at time t is defined by (3.5) where the bilinear form a € ( .,. ) is defined by (3.6) a\ 6,x ) = f <VÉ"( 9 ) | y (^ ) dz, for all ö, j e V. 
for some s with 3/2 < s < 2.
Proof: (a) is classical. See for instance Duvaut-Lions [1976] . For (c), we refer the reader to the works of Grisvard [1989] and Nicaise [1992] . To prove aer (b), we multiply the équation (3.1a) by e -r-and the équation (3.1b) by e -r-respectively. A simple intégration by parts leads us to the following energy identity:
The energy inequality (3.7) follows immediately from the above identity.
As mentioned in Introduction, whenever we consider non-isotropic system, we assume that the regularity result of Theorem 3.1 is valid.
The second step in HUM is to establish certain refined estimâtes on the solutions of the problem (3.1) which are of finite energy. These estimâtes, referred to as direct inequalities, give a bound on the first order derivatives of the solution on the boundary. These are deduced from an identity valid for arbitrary solutions of (3.1) with finite energy. This identity is first obtained for smooth solutions by the so-called multiplier method with the Rellich multipliers. It is then extended to arbitrary solutions with finite energy by a density argument using the regularity described in Theorem 3.1. This identity has been proved in Lions [1988a] in the isotropic case. Here we are dealing with the gênerai case and, more importantly, we have to keep track of the small parameter e to get estimâtes uniform in e. Thus, we multiply (3.1a) by This choice leads to the so-called direct estimâtes on the solution 0 e which are given in the following resuit: e with multipliers (m k ) specified by the first choice in (3.10). We get the following relation:
In order to establish (3.11a), we observe that the last term in (3.12) containing f is estimated by the intégral terms in vol ving f in (3.11a). It remains now to examine each remaining term from the right side of (3.12) and to show that it is bounded by the energy. To this end, we observe, from the expression of the energy (see (3.5) and (3.6)), that the séquences (<?y), i&ij) an d (£y) ^e bounded by the energy in the space
If we use all these informations in (3.12), we see that ail terms in the right side of (3.12) are bounded by E( 9 e ; 0) except the term in f which is easy to treat and the two following terms which shall be treated separately. To handle the first intégral on the right side of (3.14), we introducé
Observe that we have Multiplying this relation by e~ \ we see that the all terms on the left side are bounded the right side of (3.11a). This is how the first intégral on the right side of (3.14) is handled. To estimate the second intégral in the right side of (3.14), d we use the équation (3.1a) directly after multiplying it by e l --(f We get
which yields after intégration by parts f _ . dm 3 d<T r3 e -r r-ff dz
Thanks to the expression of the energy, we see that all the above intégral terms are dominated by the right side of (3.11a) and thus we are also through with the second intégral in the right side of (3.14). Thus the first intégral in (3.13) is estimated as follows:
with a constant c independent of e.
To have a similar estimate on the second intégral in (3.13), we rewrite it as which is equal to
The first intégral is obviously bounded by the right side of (3.11a) and the second vanishes as m a is chosen independent of z 3 . The third intégral can be treated in the same fashion as those on the right side of (3.14) . This gives the following estimate:
To finish the proof of (3.11a), it is now enough to use the estimâtes (3.15) and (3.16) in the identity (3.12).
Proof of (3.11b) is similar. Instead of the multipliers defined by the first choice in (3.10), one uses those defined by the second choice.
• The estimate (3Jla) implies, in particular, that {f y } is bounded in L 2 (27 0 ) which, in turn, shows that
This is an easy conséquence of the following point-wise inequality which is valid on E Q :
Let us now turn our attention to establishing the inverse inequality. It will give us an estimate of the energy norm of (p e in terms of another norm (classically denoted as || || F ) on the initial data. This norm is stronger than that defined by the quantities on the left side of the direct inequalities (3.11). The inverse inequality to be established in this section shows that this norm is stronger than the energy norm also. Another point about the inverse inequality is that while direct inequality is valid for ail times T > 0, the inverse inequality is valid for sufficiently large times.
As in the proof of the direct inequality, we use the identity of Theorem 3.2 to establish the inverse inequality. The choice of multipliers is made as follows: 
BACKWARD PROBLEM AND EXACT CONTROLLABILITY
The next step in the HUM is to introducé the space F and résolve the backward Cauchy problem with nonhomogeneous boundary data taken from F as explained below. To define the space F, we use the inverse inequality derived in the previous section. Recall that this inequality described by (3.20) is valid for T sufficiently large. We fix one such time T > 0, independent of e, which is possible. We consider the forward Cauchy problem (3.1) with the initial conditions [<p , (p } and with f = 0. We define the following norm:
The direct inequality in Section 3 shows that the first intégral on the right side of (4.1) is bounded by the energy functional. The third one is also estimated by E{qf ; 0). However, the second intégral is not so. Hence, we take more regular initial conditions, namely {<p°, <p 1 } e (H 2 (Q) to Theorem 3.1, we then have ^-e C°( [0, T] ; V) and hence the second term on the right side of (4.1) also makes sense. We define the space F e to be the completion of (H 2 (Q) 3 n V) x V under the norm (4.1). We remark that even though the norm dépends on e, the underlying space F e is independent of e as long as e remains positive. We sometimes drop the dependence of F e on e to ease the notation; we do so especially in the duality bracket between F e and its dual ( F e )'. It follows from the inverse inequality that the following inclusion is continuous and dense: (4.2) ).
Moreover the constant of continuity is independent of e: there is a positive constant c such that as controls in the problem (2.11). With these choices, we observe that the problem (2.11) coincides with (4.4) and so y e = y/ e . In particular, it shows that the system is at rest at time T which means that we have exact controllabiiity of the problem (2.11) with the controls chosen according to (4.11) 
BEHAVIOUR WHEN THE THICKNESS PARAMETER IS SMALL
In this section, we let the thickness parameter e tend to zero and we shall analyze the behaviour of the exact controllability problem which has been solved in the previous section. Since HUM identifies the exact controllability problem for y e with the backward problem for y/ e , our goal is to pass to the limit in each term of the weak formulation of the backward problem. All our efforts here are directed towards achieving this. Since this problem is driven by the solution <p e of the homogeneous forward problem, the main step is to analyze the behaviour of <p e as e varies. Indeed, we are led to study, more generally, the behaviour of solutions 9 e with source terms as these appear as test functions in the weak formulation of the backward problem. This is carried out in § 5.1 where the weak convergence of ff in the natural energy space is first analyzed. In the context of exact controllability, this is not sufficient because crucial rôle is played by the smaller space F e . The emphasis is therefore to produce test solutions 6 e which behave nicely with respect to F e -topology. We present two techniques to build such solutions: (a) energy method, (b) method of asymptotic expansions. While (a) is useful to prove the convergence as well as to identify the limit of the backward problem, (b) serves us well to identify the limit if we already know that there is convergence.
This section is divided into several paragraphs. In § 5.1, we describe the behaviour of the homogeneous forward problem. Next, we pass to the limit in the nonhomogeneous backward problem in § 5.2. These results are subsequently used to pass to the limit in the exact controllability problem and this is done in § 5.4 and § 5.5 while § 5.3 is devoted to the description of the limiting two-dimensional exact controllability problem.
Behaviour of the forward homogeneous problem
We study the behavior of the solution 9 e of the system (3.1) as e -> 0. This subject matter is classical and the ideas are essentially developed by Ciarlet & Destuynder [1979] , Ciarlet [1990] , Raoult [1980] , [1984] , [1988] and Caillerie [1982] .
As is well-known in the theory of thin plates, the limit behaviour is characterized by two-dimensional problems. Let us start by defining them. The first one is an évolution équation associated with a scalar fourth order operator defined on co. We are now in a position to announce the first result on the limiting behaviour of 6 e as e -> 0. (53) In the literature, one can see some results on the strong convergence of {0 e } in the energy norm; see for instance Ciarlet [1990] pp. 109-110. Since we want the strong convergence of the time derivative of 9 e on the boundary, the 30 e canonical idea is to consider the System satisfied by -T-. The invariance of the System (3.1) with respect to time translation implies that -r-also satisfies a System similar to (3.1) and so an application of Theorem5.1 for this new System will imply the desired convergence (5.17 
(Q)).
In our asymptotic analysis of the backward problem, we will be using the above result in passing to the limit in the intégrais over E ± occurring in the weak formulation (4.5). The intégral over E o will be handled by the following result which uses strong energy convergence of {ff} and the weak convergence properties of {<p e }. Proof: Even though the technique of the proof is similar to that of the direct inequality, it does not follow from it immediately. The proof consists of three steps. In the first step, we get an identity expressing the left side of (5.29) in terms of quantities which are bounded by energy norms of ff and qf. The next step consists in passing to the limit in various terms in the above identity using the strong convergence properties of ff and the weak convergence properties of <p e . The last one is concerned with the identification of limits.
First step:
We choose the multipliers ( m k ) according to the first relation in (3.10) with m 3 = 0. Let qf be the solution of the System (3.1). We multiply the équation (3.1a) by e~ l m k -r-^ and (3.1b) by e~ 2 m, -z~^ and add them up.
óz k öz k
Similarly, we multiply the System of équations satisfied by <p e bŷ 2 de l -r-and e m, --and add. We obtain°z
Second step: It is observed that all intégrais in relation (5.30) are bounded with respect to energy norms of ff and <p e . Thus we are in a position to pass to the limit. Further, it is easy to identify the limit of all the terms except the ones which contain évaluation at time T. To obtain the later ones, we establish the following convergence and use the fact that <p 3 is independent of z 3 : The final result is that the right side of (5.32) is found to be equal to
which coincides with the right side of (5.29). This complètes the proof.
• The method of proof of the above result shows clearly that we have the convergence of the energy of the waves observed through Z Q in the following sense: 
Further if ] .
Thanks to the définition of E(9 e ; t), the properties (5.35a), (535b) follow from the above estimate.
•
Behaviour of the nonhomogeneous backward problem
Our next aim is to analyze the behaviour of the backward Cauchy problem It is clear, from the weak formulation (4.5) , that the solution consists of three unknowns: the interior solution y/ € and the two initial data y/°* e and y/ he . Since the problem is linear, the analysis of the behaviour of these unknowns can be separated by choosing test functions 0 e such that/^ = 0 and then initial data Ö°' e = 0, 6 Ue = 0 separately.
Our first task is to analyze the behaviour of the interior solution y/ e and this corresponds to taking 6°* e = 9 he = 0 in (4.5). Proof: For instance, let us indicate the proof of (ii). We choose This, when combined with the weak formulation of (5.45), yields
This establishes (ii). •
Having estimated the solution y/ e of the backward problem (4.4) in the interior and its initial values at t = 0, we turn our attention to estimating its trace on the boundary F + . It is true that the weak formulation (4.5) does not contain these traces explicitly because the test solutions 6 e chosen satisfied <7 B = 0 on Z + . Thus, in order to achieve our objective, we take test solutions 0 e satisfying the system (3.1) where f = 0, 6 0te = 0, 0 he = 0 and (3.ld) is replaced by (5.33 
The limiting two-dimensional exact controllafoility problem
The purpose of this section is to introducé and analyze the exact controllability problem which is the limit of the three-dimensional problem posed in Q as e tends to zero. This limit problem is two-dimensional and posed in co. As observed earlier, the limit problem in volves an interior control apart from a boundary one. The analysis of this problem is done in Lions [1988a] in the isotropic case and so we merely state the results in the gênerai case.
Let us fix one interior control w and one boundary control v and consider the following problem:
and ||(0) =ƒ inta. Following energy methods, the above problem is easily seen to admit a unique solution 9 which satisfies the following energy inequality: Taking {ç>°, <p 1 } G F and <p to be the corresponding solution, we consider the following backward non-homogeneous problem: 
SA. Method of asymptotic expansion
Let us recall that we used the energy method to obtain bounds and identify the limit of some séquences e.g. m( y/ e 3 ) in Theorem 5.7. On the other hand, this method is not successful in identify ing the limit of m( y/^' e ) even if it exists. We plan to overcome such difficulties using the method of asymptotic expansion. Thus both methods seem indispensable to treat the problem on hand.
The method of asymptotic expansion is quite classical and this has been applied to treat thin elastic bodies in Destuynder [1980] , Ciarlet & Destuynder [1979] and Raoult [1984] . The basic idea is to propose an Ansatz of the form for the solution of (3.1) and similar expressions for the stress and strain tensors in terms of asymptotic expansions of data. Substituting these expansions into (3.1), we can identify each term by induction. Using this method, we prove THEOREM With the help of all the results obtained above, we can pass to the limit in (4.5) and obtain
+ 2
But, according to the weak formulation of (5.45), the right hand side of the above relation is equal to (y^1*, #3'*)-Since #3'* e @(co) is arbitrary, this finishes the proof.
Behaviour of the exact controllability problem
After having studied the forward and the backward problems in detail in the previous paragraphs, we are now in a position to pass to the limit in the three-dimensional exact controllability problem (2.11), (2.15 
